Gratings 1 and holograms 2 are patterned surfaces that tailor optical signals by diffraction.
Any patterned optical surface can be described as a Fourier sum of sinusoidal waves. Each component represents a specific spatial frequency ( = 2 ⁄ with period ) that interacts with an impinging beam. For applications, diffractive surfaces should ideally contain only the frequencies of interest. However, they are typically obtained by etching patterns into thin films to a fixed depth, creating arrays of vertical elements with shapes (trenches, holes, pillars) dictated by fabrication rather than design. These not only contribute unwanted spatial frequencies, complicating the optical response, but restrict the number of desired Fourier components that can be included. Clever placement of the elements (for example, aperiodically 10, 12, 13, 17 ) can offer some additional control. Alternatively, the collective response from arrays of smaller elements-nanoscale, sub-wavelength resonators-can be exploited in 'metasurfaces' 23 . However, no approach has yet offered complete control over the Fourier components in a diffractive surface. If available, simple analytical formulas could immediately specify the sum of sinusoids needed to obtain a complex desired output. Wavy surfaces are in principle possible by grayscale lithography 24 , which spatially adjusts the exposure of a polymeric resist to pattern with multiple depth levels. The profile can then be transferred into the underlying substrate via etching. However, grayscale lithography has not yet provided sufficient spatial resolution or depth control to create arbitrary optical surfaces.
Similarly, interference lithography, which exposes the resist to multiple overlapping optical beams, can generate complex diffractive surfaces 25, 26 . But they contain at most a few spatial frequencies, constrained by the exposure wavelengths.
To obtain arbitrary control over the Fourier components, we first design our structure by taking the Fourier transform of the desired diffraction pattern. After converting this analytical function into a two-dimensional (2D) grayscale bitmap (8-bit depth with 10×10 nm 2 pixels; see Methods and Extended Data Fig. 1 ), we then use thermal scanning-probe lithography [6] [7] [8] to raster-scan a heated cantilever with a sharp tip across a polymer film, locally removing material to match the bitmap depth at each pixel. Due to simultaneous monitoring of the surface topography by the tip for feedback, arbitrary surfaces with sub-nanometer depth control and high spatial resolution (<100 nm) can be written. These profiles can provide diffractive elements directly or be used as an etch mask or template. We exploit templating to replicate the pattern in other materials 9 . Figure 1 demonstrates our approach with one-dimensional (1D) sinusoidal gratings (periodic in , constant in ), templated into Ag, with one, two, or three Fourier components ( Fig. 1a,d,g) . The insets show the targeted amplitudes, , and spatial frequencies, , for sinusoid (analytical formulas for all surfaces are in Methods). Because our structures are finite in size, their Fourier spectra will be slightly broadened from the analytical design (see modeling in Methods). The measured topographies for the patterns (Fig. 1b, To test the optical response of our gratings, we measure angle-resolved reflectivity spectra by imaging the back focal plane of an optical microscope onto a spectrometer (Methods and Extended Data Fig. 3a ). Each sinusoidal component (here periodic in ) can provide momentum = 2̂ (where ̂ is the unit vector along ) to an impinging beam. These contributions can affect the outgoing angle of the radiation or lead to electromagnetic surface waves-surface-plasmon polaritons (SPPs)-that propagate along the Ag-air interface with in-plane wavevector . We use the latter process (photon-SPP coupling) to characterize the capabilities of our surfaces.
We measure reflectivity as a function of in-plane wavevector ∥ of the incoming light. Figure   1c plots results for the single-sinusoidal grating for ∥ =̂ (that is, energy versus with = 0 ; see Extended Data Fig. 3b ). Decreased reflectivity (orange lines) occurs when
Thus, the grating creates a photon-SPP coupling channel, allowing the plasmonic dispersion to be optically probed. The match between the data and our analytical model ( Fig. 1c ; Methods), both here and below, confirms the fidelity of our process.
By including additional Fourier components, increasingly complex diffractive elements can be built. For two spatial frequencies and ( Fig. 1d,e ), two photon-SPP coupling channels open ( Fig. 1f ). Furthermore, SPP-SPP coupling arises if one of the spatial frequencies satisfies ± = ′ , where , ′ are wavevectors for SPPs propagating in different inplane directions. This leads to a plasmonic stopband 27, 28 (Extended Data Fig. 3b ). Extended Data Fig. 4 shows an example at ∥ = when = 2 . Although we have focused so far on the spatial frequencies of the sinusoids, our fabrication approach also allows independent control of their phase and amplitude. In Extended Data Fig. 4 , phase is used to render either the upper or lower stopband edge 'dark' (not coupled to photons) 27 . Extended Data Fig. 5 uses amplitude to tune the stopband width (in energy) from 0 to ~0.5 eV. More generally, by adding further sinusoids, more complex plasmonic dispersions can be obtained. For example, Fig. 1g shows a three-component grating with multiple stopbands. These can be placed at arbitrary energies and incident photon angles. While the surface profile ( Fig. 1h ) would be difficult to intuit, Fourier design followed by our process leads directly to the desired response ( Fig. 1i ).
The control of sinusoidal components, shown above for 1D patterns with all along ̂, can be extended to 2D (Extended Data Fig. 6 ). For example, if we sum two 1D sinusoids, one with along ̂ and the other with rotated by 10°, we obtain a moiré spatial interference pattern ( Fig. 2a ). If the rotation is 40°, the pattern in Fig. 2b results. Because these gratings now provide in-plane momentum along both ̂ and ̂, we report their optical response as reflectivity versus both in-plane wavevectors and , taking a fixed-energy slice from the full dispersion diagram (Extended Data Fig. 3c ). The experimentally accessible wavevectors for such a 'space image' (due to our finite collection angle) are within the solid white circles in Fig. 2c ,d.
The measured reflectivity exhibits two pairs of orange arcs, each pair representing solutions to ∥ ± = (Extended Data Fig. 3d ). For both examples ( Fig. 2a,b ), when the 2D Fourier transform of the design is overlaid ( Fig. 2c,d ), the Fourier components ± and ± appear as orange spots outside the white circle and quantitatively explain the measured arcs. Even for only a 10° rotation, which leads to subtle intricacies in the surface pattern, the expected diffraction is observed.
Our approach can also exploit different basis functions. For example, Extended Data Fig.   7 shows a circular sinusoidal grating and a moiré interference pattern generated from two such gratings. Functions with varying local spatial frequencies can also be employed. Figure 2e shows a sinusoidal 'zone plate' (Methods), a fundamental element in Fourier optics 5 . It can act as a Fresnel lens to focus electromagnetic radiation by diffraction, representing a unit of holographic information. Currently, our process provides zone plates with dimensions appropriate for X-ray optics 29,30 , with the added benefit of continuous depth control, highly desirable for this application 31 . Expanding our pattern to larger dimensions would lead to devices for ultraviolet or visible wavelengths. By superposition of many such patterns, holographic images with controlled Fourier spectra can be designed and implemented.
While the number of spatial components is arbitrary, several important symmetries can be generated with a finite number of sinusoids. Figure 3a ,b shows a periodic pattern created from three 1D sinusoids with 60° rotation between them. The resulting profile is hexagonal, with 6fold rotational symmetry, a common design for 2D arrays of holes or pillars. However, in our structure, the 2D Fourier spectrum is specified. The corresponding -space image ( Fig. 3c) reveals six orange arcs from photon-SPP coupling. Figure 3d ,e shows a surface with 12-fold rotational symmetry created from six 1D sinusoids with 30° rotation between them. In -space, 12 orange arcs appear ( Fig. 3f ). This profile, which does not possess translational symmetry, would be quasiperiodic if infinitely extended. Similar photonic quasicrystals using quasiperiodic arrays of trenches or holes have been reported for laser applications 10, 17, 32 . However, optimizing their design is computationally intensive and still results in 2D Fourier spectra with many unwanted spatial frequencies. Our structures are designed with simple analytical functions and exhibit precise control over the Fourier components.
To demonstrate the utility of our approach, we address a specific problem in photonics.
Virtual-and augmented-reality hardware rely on optical systems for image generation and display 33 . The push for miniaturization has led to waveguide systems integrated in a single thin layer that exploit diffractive optics for in-and out-coupling of light 34 . For these devices, red, green, and blue photons should ideally be diffracted between free-space beams and propagating waveguide modes at a common angle. But current single-spatial-frequency gratings cause these colors to diffract at different, highly specific angles, resulting in bigger, more complicated devices. Solutions have been proposed, such as stacking three wavelengthspecific diffractive layers 35 , but all still retain disadvantages that prevent smaller, simplified systems.
With Fourier surfaces, a simple solution is immediately available. Three spatial frequencies can be included on a single surface to diffract all three colors at a common angle. Figure 4a ,b
shows such a profile, designed, implemented, and templated in Ag. The three 1D sinusoidal components simultaneously couple red, green, and blue photons at normal incidence ( Fig. 4c ), as seen by the three reflectivity dips in Fig. 4d , which arise due to photon-SPP coupling.
While we have focused on Ag structures, optical Fourier surfaces can be replicated in numerous materials. First, we have patterned (not shown) high-refractive-index polymers directly (Methods). Second, the polymer profile can be transferred into substrates via etching, for example Si (Fig. 4e ) or SiNx (Extended Data Fig. 8 ). This also allows amplification of the profile depth 8 . Finally, either the patterned polymer or etched substrate can be used as a template 9 . For example, Extended Data Fig. 9 shows a TiO2 Fourier surface templated from an etched Si substrate.
These results demonstrate precise fabrication of diffractive surfaces applicable to a broad spectral range (X-ray to infrared). Templating, extendable to rollable substrates 36 , enables highthroughput production of many materials including active and multilayer solids 37,38 . In addition, diffractive surfaces can be accurately placed within or on top of elements in integrated photonic devices, allowing miniaturized optical systems 19, 34 . Thus, researchers in photonics can exploit the previously unavailable capabilities of optical Fourier surfaces to address applications as well as explore emerging phenomena.
Online Content Methods, along with any Extended Data display items, are available in the online version of the paper; references unique to these sections appear only in the online paper. 
Methods
Fourier surface design. All surfaces were designed using analytical functions. In general, 1D
real-space height profiles, ( ), can be obtained from the desired Fourier spectrum, ( ), via the 1D inverse Fourier transform,
Similarly, 2D height profiles, ( , ), follow from the 2D inverse Fourier transform of ( , ),
For ( ) and ( , ), the origin is placed in the middle of the pattern for both and . All functions are defined for the pattern in the polymer surface, where and lie in plane and is perpendicular. In these formulas, the height of the surface is defined relative to the unpatterned flat surface where = 0. Note that the Fourier spectra in equations (1) and (2) For the 1D Fourier surfaces in Fig. 1 , Extended Data Figs. 4, 5, and 8, and Fig. 4 , the Fourier spectrum is sufficiently simple (with one, two, or three Fourier components, assuming infinite size in , ) that the height profile can be written as a sum of sinusoids,
where , , and are the amplitude, spatial frequency, and phase, respectively, for component . Note that in equation (3), the sinusoidal surface profiles in the polymer are vertically shifted in by − . When templating is used to transfer the pattern to Ag, the surface profile is inverted and vertically shifted in by + . For clarity, all parameters for our polymer surfaces are provided in Extended Data Table 1 .
For the 2D Fourier surfaces in Fig. 2a,b, Fig. 3a,d, Fig. 4e , and Extended Data Fig. 9 , the height profile was given by
where is the in-plane rotation angle from the axis for component . The 2D circular Fourier surfaces in Extended Data Fig. 7 follow
where and are the radial distance and polar angle, respectively. is the coordinate in the surface plane and is a function of and . is the origin for circular component . The sinusoidal zone plate 39 in Fig. 2e follows the function:
where is an amplitude, and is a characteristic length. For thermal scanning-probe lithography, the substrate/polymer stack was placed in a NanoFrazor Explore (SwissLitho). A cantilever with a sharp tip was loaded into the cantilever holder, which was then attached to the NanoFrazor scan head. The tip was brought close to the sample and an auto-approach function achieved surface contact. The tip position, temperature response, and sample tilt were calibrated. The temperature at the base of the tip was set to an initial value between 700-950 °C, depending on the cantilever model. Calibration scans were performed to optimize the patterning depth of the sinusoidal structures. The bitmap defining the desired Fourier surface was then loaded into the NanoFrazor software. The tip was scanned across the patterning surface on a 10×10 nm 2 pixel grid. A force pulse (~6 μs) was applied at each pixel to match the depth level of the bitmap in the polymer resist. As the tip patterned the surface, it simultaneously measured the topography as in contact-mode atomic force microscopy (AFM). The measured error between the written pattern and the desired pattern was passed to a feedback loop such that the write force could be adjusted to reach the desired depth level, if necessary. The scan progressed until all pixels in the design were patterned into the surface, at which point the tip was available to write the next pattern.
To obtain Ag diffractive surfaces, Ag was thermally evaporated 40 (Kurt J. Lesker, Nano36) onto the patterned polymer film at a pressure of ~3×10 −7 mbar. A tungsten boat loaded with Ag pellets was heated to deposit at a rate of 25 Å s −1 . The process was stopped when the film thickness was ~750 nm. A glass slide was then affixed with UV-curable epoxy (OG142-95) onto the exposed Ag surface, and the glass/epoxy/Ag stack peeled off, revealing a Ag surface with the negative of the initial pattern in the polymer surface. To obtain Si surfaces for either direct use or for templating, the pattern in the polymer film was transferred into the underlying Si substrate via inductively coupled plasma (ICP) etching (Oxford Instruments, Plasma Pro) using a gas mixture of 17.0 sccm SF6, 17.5 sccm C4F8, and 60 sccm Ar. The Si etching was done at a chamber pressure of 20 mTorr, with a forward power of 50 W, and at a rate of ~25 nm min −1 for 6.33 min, where the depth of the transferred pattern in Si was approximately the same as the depth in the polymer pattern (~1:1 selectivity). After etching, the sample was sonicated for 2 min in acetone and 2 min in IPA, followed by 5 min of O2 plasma cleaning at 600 W.
Patterned TiO2 samples were obtained by using patterned Si templates. A 25-nm-thick Au layer was thermally evaporated onto the patterned Si wafer at a pressure of ~3×10 −7 mbar and a rate of 10 Å s −1 . TiO2 was then RF sputtered onto the exposed gold surface (von Ardenne, CS 320 S) with 400 W, a chamber pressure of 4 ×10 −3 mbar, and 14 sccm Ar, for 160 min, resulting in a ~300-nm-thick film. A glass slide was then affixed with UV-curable epoxy (OG116-31) onto the exposed TiO2 layer, and the glass/epoxy/TiO2/Au stack peeled off, revealing a TiO2/Au surface with the negative of the initial pattern in the Si surface. Finally, the Au layer was removed by immersing the sample in aqua regia (4:1 mixture of HCl:HNO3) for 5 min.
Afterwards, the sample was rinsed in deionized water and blown dry with N2.
Surface-topography characterization. The topography of the Fourier surfaces was measured by the scanning probe during patterning and independently verified with AFM on the templated Ag surface. The topography of our Ag single-sinusoidal surface (Fig. 1a,b) is analyzed in Extended Data Fig. 2 . AFM scans (Bruker, Dimension FastScan AFM with a Bruker NCHV-A cantilever) were collected in tapping mode under ambient conditions. The raw data was processed by first removing the instrumental high-frequency scan noise in the scanning-probe analysis software Gwyddion. Next, row alignment and plane-levelling were performed in MATLAB to obtain the corrected data, shown in Extended Data Fig. 2a . These data were then analyzed by fitting a 2D sinusoidal function (with the form shown in Extended Data Table 1 for Fig. 1a ; periodic along , constant in ), where the fit parameters and residuals were extracted.
The amplitude and period of the fitted function was 1 = 25.5 nm (2% larger than design value) and = 610 nm (1.7% larger than design value), respectively. As we obtained a consistent horizontal distance error in both our etched and templated gratings, we attributed this error to a distance miscalibration in the thermal scanning probe. The RMS error between the 2D design function and measured topography for the structure in Fig. 1a was found to be 1.8 nm after this error was taken into account. A similar procedure was used to extract RMS errors for other 
For the dispersed -space measurements, a grating (150 lines mm −1 blazed at 500 nm) was inserted into the imaging path in the spectrometer such that the light was spectrally dispersed along one axis of the camera. The spectrometer slit was parallel to . A linear polarizer was inserted into the collection path to select only p-polarized light, which couples to SPPs. Thus, in a single acquisition, the dispersion relation (energy versus in-plane momentum along the grating, , with ≈ 0) could be measured. The experimental window is overlaid with a schematic of the theoretical SPP dispersion in Extended Data Fig. 3b .
For the -space images, a bandpass filter centered at 570 nm with a full-width-at-halfmaximum (FWHM) of 10 nm was placed in the excitation path. The linear polarizer was removed from the collection path such that the measurement probed all polarizations equally.
The slit at the entrance of the imaging spectrograph was opened completely and the -space image was relayed to the camera using a mirror instead of a diffraction grating to eliminate stray diffracted light. A schematic of this measurement, performed at a narrow range of photon energies selected by the bandpass filter, is depicted in Extended Data Fig. 3d . A cartoon of the complete light cone and SPP dispersion is depicted in Extended Data Fig. 3c .
The reflectivity spectrum in Fig. 4d was obtained by plotting the dispersed -space measurement for the three-component Fourier surface in Fig. 4b at a fixed angle of incidence (near normal incidence). Spectra were averaged over a collection angle of ±1°.
Analytical model. Optical modes bound to a periodic surface have an electric-field profile of the form
where is the Bloch wavevector of the mode, and u k ( ) is a function with the same periodicity as the surface. We consider an arbitrary 1D grating profile, like those in Fig. 1 of the main text, for which all surface Fourier components have an in-plane wavevector = ̂. The overall periodicity 2π/ of the surface profile can be much longer than any of the periodicities {2π/ 1 , 2π/ 2 , … , 2π/ } of the constituent sinusoids:
where lcm denotes the least common multiple. For example, the grating in Fig. 1g 
where is the SPP angular frequency, the speed of light, and m is the frequency-dependent relative permittivity of the metal. The relative permittivity of the dielectric d is assumed to be frequency independent. We note that when calculating for Figs. 2 and 3 of the main text, we used d = 1.061 . This value was determined by fitting the SPP dispersion for an independent sample. Extracting a permittivity slightly above 1 was perhaps due to residual polymer on the Ag surface after templating. For the structures in Fig. 1 of the main text, our fabrication process had been improved and d = 1 was extracted and used for modeling.
In Fig. 1 of the main text, we measure the dispersion of our Fourier surfaces along thedirection. Stopbands in this direction occur whenever 2 SPP = for one of the sinusoids in the grating. This occurs at energies 
For this, we use the permittivity data m ( ) of template-stripped Ag 39 and d = 1 for air. The off-diagonal elements describe the interaction between plane waves and . We only consider coupling involving the fundamental SPP wave with wavevector ,0 = SPP and neglect coupling between plane waves ≥ 1 and ≥ 1:
Here is the (real-valued) rate at which the surface sinusoid couples a plane wave with ,0
and a plane wave with , . This rate determines the width of the stopband Δ ≈ 2ℏ due to grating component . Extended Data Fig. 5 shows that we can control this by tuning the corresponding amplitude of the sinusoid 27 . For Fig. 1i in the main text, we estimated values of based on the dispersion data and plugged them into the model. 
where ( ) is the Kronecker delta function. Finally, we broaden by convolution with a function ( ) = sinc 2 ( /2)
in the -direction to account for the finite length = 9 μm of our gratings, and with a Gaussian Table 1 for further details.
